Large sets of baryon interpolating field operators are developed for use in lattice QCD studies of baryons with zero momentum. Operators are classified according to the double-valued irreducible representations of the octahedral group. At first, three-quark smeared, local operators are constructed for each isospin and strangeness and they are classified according to their symmetry with respect to exchange of Dirac indices. Nonlocal baryon operators are formulated in a second step as direct products of the spinor structures of smeared, local operators together with gauge-covariant lattice displacements of one or more of the smeared quark fields. Linear combinations of direct products of spinorial and spatial irreducible representations are then formed with appropriate Clebsch-Gordan coefficients of the octahedral group. The construction attempts to maintain maximal overlap with the continuum SU2 group in order to provide a physically interpretable basis. Nonlocal operators provide direct couplings to states that have nonzero orbital angular momentum.
I. INTRODUCTION
The theoretical determination of the spectrum of baryon resonances from QCD continues to be an important goal. Lattice QCD calculations have succeeded in part to meet this goal by providing results for the lowest-mass baryon of each isospin in the quenched approximation using overly large masses for the u and d quarks [1, 2] .
Most lattice simulations to date have used restricted sets of operators appropriate for J P 1=2 ; 3=2 states. Masses of low-lying, positive-parity baryons are reproduced with approximately 10% deviations from experimental values using the quenched approximation [1] . Much less is known about higher-spin excited states. The first preliminary lattice calculation of 5=2 N masses was reported by the Lattice Hadron Physics Collaboration (LHPC) [3] using one of the operators that we develop in this paper [4] . Results for excited baryons were also reported based on the use of different radial smearings of the quarks in Refs. [5, 6] . Recently, studies of negative-parity baryons have been reported by several groups [7] [8] [9] [10] [11] [12] [13] [14] . Nemoto et al. and Melnitchouk et al . considered the 1405 baryon, which is the lightest negative-parity baryon despite its nonzero strangeness. They used a three-quark interpolating field operator motivated by the spin-flavor SU6 quark model and concluded that 1405 was not evident in their lattice calculations.
To improve upon our understanding of the resonance spectrum, correlation matrices will be needed, necessitating the construction of sufficiently large sets of baryon and multihadron operators. The correlation-matrix method [15, 16] has been used to determine the spectrum of glueball masses by Morningstar and Peardon [17] . A large number of interpolating field operators was used to form matrices of lattice correlation functions. The spectrum of effective masses was obtained by diagonalizing the matrices of correlation functions to isolate mass eigenstates for each symmetry channel. In effect, one allows the dynamics to determine the optimal linear combination of operators that couple to each mass state. A similar program for baryons is being undertaken by the Lattice Hadron Physics Collaboration. The first step is to determine a large number of suitable baryon interpolating field operators that correspond to states of zero momentum, definite parity, and values of angular momentum J . Because of the complexity of the operator construction and the importance of providing checks on the final results, we have been pursuing two different approaches. An alternative method, based on a computational implementation of the group projection operation, is presented elsewhere [18, 19] .
On a cubic lattice, the continuum rotational symmetry is broken to the finite octahedral group, O. States of definite angular momentum correspond to states that occur in certain patterns distributed over the irreducible representations (IRs) of O. Although mass calculations are insensitive to the spin projection J z , other applications do require baryons with a definite spin projection. We develop operators that are IRs of O using a basis that corresponds as closely as possible to the continuum J, J z states in order to have operators for applications that require spin projection.
It is important to use smearing of the quark fields and to have nonlocal baryon operators as well as the usual local operators. Smeared and nonlocal operators provide a vari-ety of radial and angular distributions of quarks within a baryon so as to couple efficiently to excited states. Nonlocal operators are needed in order to realize spins J > 3 2 and simply to enlarge the sets of operators.
In this paper, we first review some basic facts about the octahedral group for integer and half-integer spins in Section II [20 -25] and review a useful notation for Dirac indices based on -spin. Two basic types of three-quark operators are considered: quasilocal and nonlocal. Each quark field in a quasilocal baryon operator is smeared about a common point x using the same cubically symmetric form of smearing. Quasilocal operators include local operators as a special case, i.e., when the smearing is omitted. We develop IRs for quasilocal operators in Section III for each baryon: N, , , , , and . This amounts to determining all allowed combinations of Dirac indices for each flavor symmetry and classifying them into IRs of the octahedral group.
The quasilocal operators provide templates that are used for the construction of nonlocal operators in Section IV. Nonlocal operators are formed by applying extra lattice displacements to one (or more) of the smeared quark fields, thus providing a smearing distribution that differs from that used for the other quarks. In the simplest case, the combination of extra displacements used is cubically symmetric and only changes the radial distribution of the smearing. In other cases the combinations of the extra displacements transform as IRs of the octahedral group, and are chosen to correspond as closely as possible to spherical harmonics. The IRs of lattice displacements and IRs of Dirac indices are combined to form overall IRs for the nonlocal operators using an appropriate set of Clebsch-Gordan coefficients of the octahedral group. Some concluding remarks are presented in Section V.
II. OCTAHEDRAL GROUP AND LATTICE OPERATORS
In lattice QCD, hadron field operators are composed of quark and gluon fields on a spatially isotropic cubic lattice. The lattice is symmetric with respect to a restricted set of rotations about spatial axes that form the octahedral group, O, which is a subgroup of the continuum rotational group SU2. The octahedral group consists of 24 group elements, each corresponding to a discrete rotation that leaves invariant a cube, or an octahedron embedded within the cube. When the objects that are rotated involve half-integer values of the angular momentum, the number of group elements doubles to extend the range of rotational angles from 2 to 4, forming the double-valued representations of the octahedral group, referred to as O D . Spatial inversion commutes with all rotations and together with the identity forms a two-element point group. Taking inversion together with the finite rotational group simply doubles the number of group elements, giving the group O D h for half-integer spins.
Given a lattice interpolating operator for a baryon, one may generate other operators by applying the elements of O D h to the given operator. This produces a set of operators that transform amongst themselves with respect to O D h , and thus these operators O i form the basis of a representation of the group. When a group element G a is applied to operator O i in the set, the result is a linear combination of other operators in the set,
where T ji G a is a matrix representation of the octahedral group. Such matrix representations are in general reducible. In order to identify operators that correspond to baryons with specific lattice symmetries, it is necessary to block-diagonalize T ji , each block corresponding to an irreducible representation of the octahedral group. This task is facilitated by a judicious choice of IR basis vectors for the octahedral group, such as the ''cubic harmonics'' or ''lattice harmonics'' of Refs. [26, 27] .
A. Integer angular momentum: O
The octahedral group O has five IRs, namely A 1 , A 2 , E, T 1 , and T 2 with dimension 1, 1, 2, 3, and 3, respectively, where we follow the conventions of Ref. [20] . The patterns of IRs of O that correspond to IRs of the continuum rotational group SU2 with spin J are shown in Table I Lattice displacements form representations of O corresponding to integer angular momenta. We choose the standard ''lattice harmonics'' that are shown in Table II as the appropriate basis vectors because they have a straightforward connection to IRs of the rotation group SU2 in the continuum limit. For example, the Y 1;m TABLE I. The subduction of SU2 to IR of O for integer J. spherical harmonics for m 1; 0; ÿ1 provide a basis for the three-dimensional T 1 IR. The same basis convention for T 1 appears in Ref. [28] , and the same basis convention for E appears in Ref. [29] . Any quantities that transform in the same fashion as the basis vectors provide a suitable IR for the octahedral group. We will show in Section IV how to use combinations of lattice displacements of quark fields in order to realize the same transformations as the ''lattice harmonics. ' A suitable set of IR basis vectors for half-integer angular momenta is given by the eigenstates jJ; mi of J 2 and J z that are listed in Table IV . Explicit forms of the G 1 and H basis states for products of three Dirac spinors are given in Appendix B. Note that the G 2 basis cannot be built using three Dirac spinors unless orbital angular momentum is added.
C. Smearing and smearing parity
The first step in the construction of field operators suitable for baryons is to specify primitive three-quark operators. Consider a generic operator formed from three-quark fields as follows, The use of gauge-covariant quark-field smearing, such as Gaussian smearing [30] , Jacobi smearing [31] , or socalled Wuppertal smearing [32] , is important for enhancing the coupling to the low-lying states. Gauge-link smearing [33] [34] [35] further reduces the coupling to the shortwavelength modes of the theory. Schematically, the smearing replaces each unsmeared field by a sum of fields with a distribution function as follows,
whereq x; t denotes an unsmeared field at point x and the smearing distribution functionĜ is gauge covariant. When the smearing distribution is cubically symmetric about point x and is the same for each quark field, the baryon operator of Eq. (1) is referred to as quasilocal. Quasilocal operators have the same transformations under the octahedral group as unsmeared operators, assuming that gauge fields preserve cubic symmetry after a configuration average. Nonlocal operators differ because the smearing distribution of one or more quark fields is altered by extra lattice displacements. An example is the covariant derivative formed by a linear combination of two displacements of a smeared quark field,
where the color indices are suppressed. Equation (3) defines a new smearing distribution that is odd with respect to an inversion about point x. Thus, smearing can contribute in a nontrivial way to the behavior of the field with respect to inversion. This we call smearing parity.
D. Inversion, Parity, and -parity
The improper point groups O h and O D h consist of rotations that leave the cube invariant together with the spatial inversion. The parity transformation of a Dirac field involves multiplication by the 4 Dirac matrix in addition to spatial inversion as follows, may be used with any representation of the Dirac matrices by applying the appropriate unitary transformation as discussed in Appendix A.
It is convenient to express the Dirac matrices as a direct product of the form SU2 SU2 s where the SU2 components are generated by the 2 2 Pauli matrices for spin s and -spin [36, 37] 
and 21q x; t 4 3 q x; t sq x; t; (6) where (4) and (5) .
The parity transformation of a smeared quark field can differ from that of an unsmeared field because the smearing parity enters. This is most easily seen by using free fields for which the gauge-link variables are unity. Then the smearing distribution does not depend on the point x and reduces to the set of coefficients cy that weight the fields at points y away from the central point x, i.e., the smeared quark field is q x; t X y cyq x y; t
and the smearing parity is defined by
where p 1 or ÿ1 for even or odd smearing parity, respectively. The parity transformation of a smeared field is 
where the second line involves the relabeling y ! ÿy and the third line uses the symmetry of the smearing distribution under inversion of y. When the gauge links are included so as to obtain a gauge-covariant smearing a similar result is obtained, which holds as an average over gauge configurations.
The parity transformation of a product of three smeared quark fields is 
where we have used the notation q s x; t in place of q x; t and evaluated the 4 matrices using Eq. (5) to obtain the product of the three -parities. The product 1 2 3 is referred to simply as the -parity of the operator and the product p 1 p 2 p 3 is referred to as the smearing parity of the operator.
The field operator at an arbitrary point x does not have a definite parity. However, in correlation functions projected to zero total momentum, the x dependence is removed by a translation following insertion of a complete set of intermediate states, e.g., Ct X x < 0jBx; t B0; 0j0> X n < 0jB0; 0jn > e ÿM n t < nj B0; 0j0 > : (11) Thus the zero-momentum correlation function has baryon operators only at point x 0 where the operator has parity given by the product of -parity and smearing parity, i. 
where T s 0 s R is a representation matrix of rotation R. This insight into the transformations of Dirac indices with respect to rotations is the first reason that we find the , s labels useful. 
We will use these notations throughout this paper.
Because of the parity transformation of Eq. (10), there are two independent ways to make baryon operators that couple to states of a given parity in a zero-momentum correlation function. Operators coupling to gerade states can be made either with even smearing parity together with positive -parity or with odd smearing parity together with negative -parity. Similarly, there are two disjoint sets of operators that couple to ungerade states: ones with odd smearing parity together with positive -parity or ones with even smearing parity together with negative -parity. These sets are not connected by rotations because neither the smearing parity nor the -parity can be changed by a rotation. However, they are connected by -spin raising or lowering operations and in our construction each operator that couples to a gerade state is connected in this way with an operator that couples to an ungerade state. This is the second reason that the , s labeling is useful. The , s labeling is used sparingly in this paper but it is central to the method used in Appendix B to construct combinations of Dirac indices that transform irreducibly.
Each baryon operator carries a row label, , whose meaning depends upon the bases used for IRs. The row label distinguishes between the d members of IR . If a representation contains more than one occurrence of IR , we say that there are multiple embeddings of that IR. A superscript, k, is used to distinguish between the different embeddings. Therefore, a generic baryon operator is denoted as B 
;k x; t, and so on. The correlations of operators belonging to different IRs or to different rows of the same IR vanish: Lattice operators belonging to different IRs or to different rows of one IR do not mix. This orthogonality holds exactly for correlation functions based upon constant gauge fields. It also holds for correlation functions based upon averages over a sufficiently large number of gauge-field configurations.
Operators from different embeddings of the same IR and row are not orthogonal because they share the same quantum numbers. In short, the orthogonality relation of operators for a given baryon is X
The correlations of different embeddings of the same IR and row are generally nonzero, providing sets of operators suitable for constructing a correlation matrix C kk 0 t.
III. QUASILOCAL BARYONIC OPERATORS
Since the quark fields are Grassmann-valued and taken at a common location x, and the color indices are contracted with the antisymmetric Levi-Civita tensor, our three-quark, quasilocal baryon operators must be symmetric with respect to simultaneous exchange of flavor and Dirac indices. An operator that is symmetric in flavor labels (, ) must be symmetric also in Dirac indices, and an operator that is mixed-antisymmetric in flavor labels (N) must be mixed-antisymmetric in Dirac indices, assuming that masses of the up and down quarks are equal. An operator that is mixed-antisymmetric in flavor labels and that has nonzero strangeness () can have mixedantisymmetric or totally antisymmetric Dirac indices, and an operator that is mixed-symmetric in flavor labels and that has nonzero strangeness (, ) can have mixedsymmetric or totally symmetric Dirac indices. 
A. Quasilocal Nucleon Operators
Consider operators made from quasilocal quark fields for isospin quantum numbers I 1=2, I z 1=2. These operators correspond to the N family of baryons and they may be chosen to be
where u is an up quark and d is a down quark. All (smeared) quark fields are defined at spacetime point (x, t). Equation (16) provides a proton operator in the notation of the Particle Data Group [38] . A neutron or N 0 operator can be obtained using the isospin lowering operation.
These two operators correspond to the mixedantisymmetric Young tableau for isospin in Fig Table VI gives explicit forms for the 20 quasilocal nucleon operators classified into IRs G 1g , H g , G 1u , and H u . Here and in the remainder of this paper we label the operators by the parity of intermediate states to which they couple in a zero-momentum correlation function, as in Eq. (11) . Alternatively, one may regard the operators in the tables as having been translated to point x 0, where they have definite parity as seen from Eq. (10) . Dirac indices in the table come from Appendix B, but they have been simplified using the relation in Eq. (17) . Because all the coefficients are real, unbarred operators are obtained by replacing N by N in the same linear combinations. The left column of the table shows 10 gerade nucleon operators and the right one shows 10 ungerade operators. For a given parity there are three sets of G 1 operators (three embeddings of G 1 ) and one set of H operators. Each G 1 IR contains two operators that transform amongst themselves under rotations of the group and each H IR contains four operators that transform amongst themselves. Operators in each IR are given spin projection labels, S z , which are also equivalent to ''row'' labels but more physically meaningful. In a given embedding the operator with the largest S z is designated ''row 1,'' the next largest S z is designated ''row 2,'' and so on. The notation 
in the Dirac-Pauli representation. For a three-quark state, the spin-raising or lowering operator is a sum of three terms, for example, S P 3 j1 s j , where s j acts on the jth quark. The same operations carry over to the barred field operators of Table VI. Different rows in the same embedding of an IR are related to one another by spinraising and lowering operations. For example, the transformation of the first G 1 embedding of Table VI proceeds schematically as follows,
where the notation N . Spin-raising and lowering operations can be applied repeatedly and the following relation holds,
A gerade operator in a row of Table VI and the ungerade one in the same row are related to each other by -spinraising and lowering operations. For Dirac spinors, the operators are
, where j specifies the first, second, or the third quark. An example is
1=2;1=2 ; (22) where an appropriate normalization is included in the resultant operator. Note that -spin-raising and lowering operations change the -parity of one quark and thus change the product 1 2 3 which is the -parity of the operator. However, they preserve the s labels and leave the transformation properties under rotations unchanged.
Mixed-symmetric isospin operators with I 1=2, I z 1=2 may also be defined by
However, for quasilocal operators they can be rewritten in terms of the MA isospin operators defined in Eq. (16) as follows,
showing that the quasilocal, mixed-symmetric (MS) isospin operators are not linearly independent of quasilocal MA operators. It is sufficient to consider only the MA operators of Eq. (16) in order to construct a complete, linearly independent set of isospin 1=2, quasilocal operators.
Relations of the operators presented in Table VI to operators that are commonly used in the literature for a nucleon are given in Appendix C.
B. Quasilocal and Operators
The isospin of a baryon is 3=2 and there are four different operators corresponding to isospin projections I z 3=2; 1=2; ÿ1=2, and ÿ3=2:
where all fields are defined at spacetime point (x, t). Because of the totally symmetric flavors, the baryon operators must have totally symmetric combinations of Dirac indices. According to Appendix B there are 20 combinations of totally symmetric Dirac indices. In a color-singlet three-quark operator, the quark fields may be commuted with one another with no change of sign. This allows Dirac indices to be rearranged to a standard order in which they do not decrease from left to right, producing the 20 irreducible operators that are given in The quark flavors are clearly totally symmetric so only the totally symmetric Dirac indices are allowed. Therefore, Table VII can be used for an baryon. In summary the symbol in Table VII may be replaced with any of {  ,, 0 , ÿ , ÿ g.
C. Quasilocal Baryon Operators
The baryons have isospin zero and strangeness ÿ1. Appropriate quasilocal baryon operators have the form,
where spacetime arguments (x, t) are omitted from each quark field. The baryon operator has a pair of up and down quarks in the isospin zero state, which is the same as the mixed-antisymmetric nucleon operator. Because the operator in Eq. (27) satisfies the relation 
it is antisymmetric with respect to exchange of 1 and 2 indices. Allowed symmetries of Dirac indices for the quasilocal baryon operator are mixed-antisymmetric and totally antisymmetric. The difference from the quasilocal nucleon operator is that the baryon operator is allowed to have totally antisymmetric Dirac indices, because the strange quark removes the restriction of Eq. (18) . 
Such operators satisfy the relation,
showing that the Dirac indices must be totally symmetric or mixed-symmetric. A baryon has two strange quarks and one light quark forming an isospin doublet,
Again the operators are symmetric under the exchange of 1 and 2 . Thus, the allowed combinations of Dirac indices are the same as for the quasilocal baryon operators. 
IV. NONLOCAL BARYONIC OPERATORS
In this section we discuss how to construct baryon operators that create states whose wave functions have angular or radial excitation. Orbital angular momentum or radial excitation is expected to be of particular interest for operators that couple to excited baryons.
In Section III, all possible symmetries of the Dirac indices of three quarks were encountered. When nonlocal operators are constructed, we can build upon the quasilocal operators already found by adding a nontrivial spatial structure. This basically amounts to allowing different smearings of the quark fields. Nonlocal operators are constructed by displacing at least one quark from the others. The set of displacements is first arranged to belong to the basis of IRs of the octahedral group. Then there arises the issue of combining the IRs of spatial distributions of displacements with IRs of the Dirac indices that have been developed for quasilocal operators. With respect to the octahedral group, the spatial and spin IRs transform as direct products. Using Clebsch-Gordan coefficients, we form linear combinations of the direct products so as to obtain nonlocal operators that transform as overall IRs of the group.
A. Displaced quark fields and IRs of O
Relative displacement of quarks requires insertion of a path-dependent gauge link in order to maintain gauge invariance. The simplest such displaced three-quark operator would be of the form, where the time argument is omitted from quark fields, and{ is one of the six spatial directions {x, ŷ, ẑg. Each quark field is smeared but the third quark has an extra displacement by one site from the other two in Eq. (32) .
Spatial displacements of Eq. (32) with{ 2 fx; ŷ; ẑg transform amongst themselves under the rotations of the octahedral group O assuming that gauge links are cubically invariant (approximately true for averages over large sets of gauge-field configurations). The sixdimensional representation of O that is formed by the six displacements can be reduced to the IRs A 1 , T 1 , and E. In order to combine displacements so that they transform in the same way as the basis vectors of A 1 , E, T 1 IRs given in Table II , we first define the following even and odd combinations of forward and backward displacements:
with i x; y; z. The difference of forward and backward displacements,D i , has negative smearing-parity and involves a lattice first-derivative, while the sum of forward and backward displacements,Ŝ i , has positive parity. Note that the lattice first-derivative is an anti-Hermitian operator. The second step is to form IR operators using theŜ i and D i combinations as follows:
These definitions produce spatial distributionsÂ 1 ,Ê ,T 1 that transform in the same way as the lattice harmonics of combinations of displacements, we will generally denote operators by using the spherical notationD ;0;ÿ as defined by Eqs. (37)- (39) . We refer to these simplest nonlocal operators, involving linear combinations of operators with the third quark field displaced by one lattice site, as one-link operators. Let us denote the general form of a one-link operator as where specifies the type of spatial IR (A 1 , T 1 , or E) and specifies the row of the IR. In order to combine the spatial IRs of the displacement operators with the IRs of Dirac indices, we need the direct product rules.
B. Direct products and Clebsch-Gordan coefficients
Nonlocal operators involve direct products of two different IRs of the octahedral group, one associated with the combinations of displacement operators and the other associated with the Dirac indices. Linear combinations of such direct products can be formed so that they transform irreducibly amongst themselves by using Clebsch-Gordan coefficients for the octahedral group. These have been published by Altmann and Herzig [22] .
Clebsch-Gordan coefficients depend upon the basis of IR operators but different choices of the basis are related to one another by unitary transformations. Because our basis operators differ from those published by Altmann and Herzig, we have performed the required unitary transformations and obtained suitable Clebsch-Gordan coefficients for all possible direct products of IRs of the double octahedral group. Some representative coefficients are provided in Appendix D. A complete set of Clebsch-Gordan coefficients is given in Ref. [39] . The relative phases of operators from different rows within an IR should be fixed in lattice calculations in order to allow averaging over rows when that is appropriate, as it is in mass calculations.
However, different ways of forming a given IR as direct products need not have the same overall phases. We have used this freedom to eliminate phases within each 1 and H) . The following rules of group multiplication show which overall IRs can be produced,
C. One-link operators
Baryon operators with one-link displacements can be categorized into two sets, one with antisymmetric and the other with symmetric Dirac indices of the first two quarks. The antisymmetric category includes the nucleon with MA isospin and the baryon operators. The symmetric category includes the nucleon with MS isospin, and the , , , and baryon operators. These symmetries determine the spinorial structures of the one-link operators.
One-link operators for the nucleon with MA isospin and for the baryon are taken to be of the form, One-link operators for the nucleon with MS isospin, or for the , , , and baryons have the following forms: 
These operators are symmetric under 1 $ 2 , so the allowed combinations of Dirac indices are totally symmetric (20 combinations) or mixed-symmetric (20 combinations). There are 20 20 6 240 such operators for each baryon.
A 1 one-link operators
The reduction is the simplest for theÂ 1 combination of one-link operators because it is just a scalar ''smearing.'' We show it as a first example. The MA isospin nucleon operator of Eq. (43) We note in passing that any cubically symmetric form of smearing can be developed by repeated application of thê A 1 operator. Thus, any such smearing that makes the spatial distribution of the third quark different from that of the first two can be substituted for theÂ 1 combination of displacements of the third quark. All such operators have the same transformations and thus the same IRs of Dirac indices.
T 1 , E one-link operators
In order to construct operators that have the T 1 or E combinations of one-link displacements, we apply the Clebsch-Gordan formula of Eq. (41) using the coefficients for the double octahedral group from Appendix D. The resulting one-link operators are given in Table X and  Table XI . These tables give all possible T 1 and E one-link baryon operators. The parity labels refer to the intermediate states with which the operator can couple in a zero-momentum correlation function. In Table X we employ the notation ofD ;ÿ;0 , instead ofT 1;2;3 1
. The displacements are understood to act on the third quark. These tables are general in the sense that they apply to any baryon, e.g., N, , , , or .
The notation
;k describes a quasilocal operator whose spin belongs to the kth embedding of IR and row . These operators are taken directly from the tables for quasilocal baryon operators discussed in Section III in a similar fashion as for the A 1 one-link operators. One-link nucleon operators with MA isospin and one-link baryon operators employ the spinorial structures ;k used for quasilocal baryon operators given in Table VIII smearing parity of the T 1 displacement is negative, the overall -parity is opposite to the overall parity for T 1 one-link operators. The last column of Table X shows the total angular momentum and its projection onto the z-axis. The first set of H operators involves the same Clebsch-Gordan coefficients as would apply to the formation of continuum states: L 1 S 1=2 ! J 3=2. This is a result of using the combinations of displacements that transform in the same way as the basis vectors of Table II. The second set of H operators has the continuum Clebsch-Gordan coefficients for L 1 S 3=2 ! J 3=2. The third set of H operators corresponds to L 1 S 3=2 ! J 5=2, but J z values are mixed in row 1 and row 4. Similarly, the first set of G 1 operators in Table X is L 1 S 1=2 ! J 1=2, and the second one is L 1 S 3=2 ! J 1=2, both having the continuum Clebsch-Gordan coefficients. The G 2 operators correspond to L 1 S 3=2 ! J 5=2, but J z values are mixed.
Direct products involving theÊ spatial IR of displacements and spinorial IRs are given in Table XI . No operators involve continuum Clebsch-Gordan coefficients in Table XI because the E IR has mixed J z , i.e.,Ê 2 Y 2;2 Y 2ÿ2 . TheÊ combinations of displacements provide two members of the rank-two spherical harmonics. The remaining three members belong to the T 2 IR and they cannot be constructed unless there are least two displacements in perpendicular directions, as will be discussed in the next section. For baryon fields with projection to zero total momentum, the following linear dependence holds, X
This relation derives from the fact that after projection to zero total momentum, a total derivative of a baryon field vanishes and a total derivative is equivalent to order a 2 to a sum of lattice derivatives applied to each quark field. Some of the T 1 one-link nucleon operators are not linearly independent because of this. A nucleon operator with MS isospin having MS Dirac indices is equivalent (within a total derivative) to a nucleon operator with MA isospin having MA Dirac indices, for the T 1 one-link construction. It is easy to show thatD . The number of distinct one-link nucleon operators (both MA and MS isospin) after projection to zero total momentum is 64 for A 1 , 132 for T 1 , and 128 for E. The total number is 324.
Operators that are totally symmetric with respect to flavor exchanges, such as the baryon, have a similar restriction. Such operators vanish when a first-derivative acts on one quark in a totally symmetric combination of Dirac indices. There are 60 baryon operators with the T 1 one-link displacements that vanish after projection to zero total momentum.
The correspondence between the type of baryon and the symmetry of Dirac indices for the two categories of onelink baryon operators is summarized in Table XII . The numbers of possible operators are shown for constructions using A 1 , T 1 , or E spatial IRs to obtain G 1 , G 2 , or H overall IRs.
D. Two-link operators
One-link operators make it possible to realizeÂ 1 ,T 1 , andÊ types of spatial smearing, but not theT 2 orÂ 2 types. The latter two types appear in the two-link operator constructions. We define a two-link operator as follows,
where the third quark is displaced covariantly by two displacement operators D x c . Figure 3 shows schematic illustrations of three distinct displacement configurations for a two-link baryon operator. The first figure shows the ''bent-link'' operator, where a line denotes the gauge link and the arrow specifies the point at which the displaced quark's color index forms a color singlet with the other quarks. The second figure shows the possibility that the third quark is translated back to its original position by the second displacement, which is equivalent to a quasilocal operator because U i xU y i x 1. The third figure shows the possibility of two displacements along the same direction, which gives a straight path differing from a one-link displacement only by its length. Inclusion of the bent links can enrich the angular distribution and recover parts of the continuum spherical harmonics that cannot be obtained from one-link displacements.
First, we classify the spatial degrees of freedom into a single IR of O by forming linear combinations of the elemental operators of Eq. (51). The overall spatial IR and row are determined by the direct product of the two spatial displacements D with appropriate Clebsch-Gordan coefficients, X
A particular example is instructive. Suppose one chooses D to belong to the E IR and desires the overall spatial IR to be T 1 . Then Eq. (52) is used with Clebsch-Gordan coefficients from the E T 1 table in Appendix D, which giveŝT
In this way the two-link operator is determined so that its spatial part transforms according to a particular IR (in this case T 1 ). Once the overall spatial IR is obtained, ClebschGordan coefficients for the direct products of the overall spatial IR and a selected spinorial IR are used to form an operator that overall transforms irreducibly according to
Because the spatial IR in the example above is T 1 , which has been considered already in the construction of one-link operators, Table X provides the result. The only change is to use the T 1 distribution of two-link displacements in place of the T 1 distribution of one-link displacements. The use of Clebsch-Gordan coefficients of the cubic group has reduced the problem of finding IRs of two-link baryon operators to the already solved problem of finding one-link baryon operators. However, new possibilities exist with the two-link displacements. One can form the A 2 and T 2 spatial IRs that did not appear in the one-link construction. This construction is straightforward but is omitted from this paper except to note that two-link A 2 and T 2 lattice harmonics correspond to the spherical harmonics shown in Table II. Proceeding in this fashion, one may construct multilink baryon operators
that involve n-site displacements in space allowing a quark to be displaced over a finer angular distribution so as to yield higher rank spherical harmonics. The reduction procedure is essentially the same as for the two-link case, except that multiple direct products of spatial IRs are used.
E. One-link displacements applied to two different quarks
Consider an operator with one-link displacements applied to two different quarks in the following way,
where D
12
indicates that the first two quark fields are symmetric or antisymmetric with respect to exchange of their spatial dependencies,
We refer to D
as space-symmetric and to D 1ÿ2 as space-antisymmetric combinations of displacements. The symmetry of the spatial displacements must be taken into account in the overall antisymmetry of operators in order to identify the symmetry of Dirac indices that produces nonvanishing operators.
For the case of MA isospin nucleon operators with onelink displacements applied to two quarks, we obtain
and the following relation between spatial symmetry of displacements and the symmetry of Dirac indices holds Because of symmetry, the operators of Eq. (56) with MA Dirac indices and those with MS Dirac indices are identical. Group theoretically, rotations of operators with one-link displacements applied to two different quarks are the same as those of two-link operators. Therefore the reduction to IRs is exactly the same as for the two-link case. First use the Clebsch-Gordan coefficients to obtain an IR for the product of two displacements, and second use the ClebschGordan coefficients for the direct product of spatial and spinorial IRs to obtain operators corresponding to overall IRs. The only additional step is to determine the allowed symmetries of Dirac indices such that the operator is antisymmetric under simultaneous exchange of displacements, flavors, colors, and Dirac indices.
V. SUMMARY
The constructions given in this paper provide a variety of quasilocal and nonlocal three-quark operators for use as zero-momentum baryon interpolating field operators in lattice QCD simulations. All operators are categorized into the double-valued IRs of the octahedral group O D h , they have definite parities and they are gauge invariant. Operators correspond as closely as possible to the continuum jJmi IRs and they should be useful for spectroscopy and for applications that require baryons with a definite spin projection.
Complete sets of quasilocal operators are presented in Section III for each baryon. These quasilocal constructions provide templates for the Dirac indices that should be used to construct nonlocal operators. Nonlocal operators are developed in Section IV based on adding combinations of one-link displacements to one or more quarks. By use of the building blocks given in this paper, a variety of additional operators can be constructed by 1) using the Clebsch-Gordan series to form overall IRs of the spatial distribution, and 2) combining the spatial IRs with IRs of Dirac indices to form operators corresponding to overall IRs. Identification of the correct symmetry of Dirac indices is straightforward when space-symmetric or spaceantisymmetric combinations of displacements are used.
Reference [4] has demonstrated numerically that our quasilocal and one-link operators are orthogonal in the sense of Eq. (15) 
Exploratory calculations for baryon spectra along this line have been reported in Ref. [3] . For a given baryon, the dimension of the matrix of correlation functions depends on the choices that are made for spatial distributions (quasilocal, one-link, two-link, etc.) and the overall IR. For nucleon operators with quasilocal and one-link displacements, 23 G 1g operators, 28 H g operators, and 7 G 2g operators are available as shown in Table XIII . The numbers of operators in each IR and row can be extended without limit by using two-link and three-link operators and by using different choices of smearing. 
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where The unitary matrix that generates the Weyl convention is
and the unitary transformation that generates the DeGrandRossi convention is
A quark field expressed in terms of the Dirac-Pauli representation may be reexpressed in the Degrand-Rossi convention, for example, by
In order to display the spin and -parity of fields in a transparent way, we employ spin s subscripts and superscripts in place of the four Dirac components 1, 2, 3, and 4 of each quark field in the Dirac-Pauli representation as shown in Table V .
This encoding of the Dirac indices is based on the SU2 SU2 representation of the Dirac matrices, where the first SU2 is generated by 2 2 Pauli matrices for -spin,
and the second SU2 is generated by the Pauli matrices for ordinary spin, 
The 2 2 identity matrices for -spin and ordinary spin are 
In terms of these sets of 2 2 matrices, the 4 4 DiracPauli matrices are expressed as direct products of -spin matrices and s-spin matrices as follows, 
where k, l, and m take the values 1, 2, and 3.
APPENDIX B: SYMMETRY OF THREE DIRAC FIELDS
The Dirac indices categorized in each Young tableau in Fig. 2 should be further reduced into G 1 or H IRs for the purpose of operator construction. (There is no G 2 IR with three Dirac spinors.) Decomposition of the Dirac index into -parity and ordinary two-component spin (s-spin) simplifies this process.
The S (totally symmetric), MS (mixed-symmetric), and MA (mixed-antisymmetric) combinations of three s-spins are defined as follows:
S : j i; j ÿi j ÿi j ÿ i 3 p ; j ÿÿi j ÿ ÿi j ÿ ÿi 3 p ; j ÿ ÿÿi: (B1)
MS : 1 6 p 2j ÿi ÿ j ÿi ÿ j ÿ i; ÿ 1 6 p 2j ÿ ÿi ÿ j ÿ ÿi ÿ j ÿÿi:
MA : 1 2 p j ÿi ÿ j ÿ i; 1 2 p j ÿÿi ÿ j ÿ ÿi:
The four states in Eq. (B1) are jJ; mi j 
The upper component corresponds to S z 1=2. Similarly can be projected to operators of definite -parity, 
These results show how the components of A complete set of Clebsch-Gordan coefficients for the octahedral group using the basis vectors of Tables II and IV is given in Ref. [39] and is available from the authors upon request. Here we present selected coefficients that are used in this paper in Tables XVII, XVIII, XIX, XX, XXI, and  XXII. In each Clebsch-Gordan 
